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\£> 1 Abstract 



We establish a relation between higher contact-like structures on supermanifolds and 
the N = 1 super-Poincare group via its superspace realisation. To do this we introduce a 
Q_r vector-valued contact structure, which we refer to as a polycontact structure. 



o 



X 



Keywords: Supersymmetry, Supermanifolds, Polycontact Geometry. 
MSC 2010: 53D10; 53Z05; 58A10; 58A50; 81T60. 



1 Introduction 

> 

ON. 

In this paper we link N = 1 supersymmetry, as formulated in superspace, with a higher order version 
of contact geometry. We will show that one needs to pass from one-forms to vector-valued one-forms 
in order to construct a contact-like form on (4|4) dimensional flat or rigid superspace. In analogy with 
Giinther's polysymplectic geometry [10] we will call "vector-valued contact forms" polycontact forms. The 
| link between contact structures supersymmetry originates with the work of Manin [T7] and was explored 

by Schwarz [19] and his collaborators in relation with superconformal field theories. We revisited this 
relation between contact structures on supermanifolds and the d = 1, N = 2 super-Poincare algebra in 
[5]. In particular we emphasised how the contact structure arises from more standard coset space methods. 



With the relation between SUSY and contact structures being our primary goal here, let us present 
a lightning review of classical contact structures on manifolds highlighting the elements we need later. 
Recall that a precontact structure on a manifold is a one-form that is nowhere vanishing^. Associated 
with every precontact structure on a manifold is a hyperplane distribution, that is a subbundle of the 
tangent bundle of corank 1. The hyperplane distribution is defined to be the kernel of the precontact 
structure. That is if we denote the precontact structure as a £ Q (M) then D a = kera. That is the 
hyperplane distribution consists of all vector fields X £ Vect(M) such that ixct = 0. 

A contact structure on a manifold of dimension (2n + 1) (n £ IN*) is a precontact structure with the 
extra requirement that the exterior derivative is a two-form that is non-degenerate on the hyperplane 
distribution defined by the structure. That is there are no non-zero vector fields X € T) a such that 
ix(da) = 0. 



We assume all structures to be global and skip questions of orientability. 
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Let (M, a) be a contact manifold. A diffeomorphism eft : M — > M is said to be a contactomprohism if 
and only if (j)*a = fa for some nowhere vanishing function / G C°°(M). A diffeomorphism : M — > M 
is said to be a strict contactomorphism if and only if (j)*a = a. Contactomorphisms preserve hyperplane 
distributions. A vector field X G Vect(M) is said to be a contact vector field if and only of Lxa = fa. 
If / = 0, then then vector field is said to be a strict contact vector field. 

We do not employ anything deep from the general theory of contact structures and so direct the 
reader that is unfamiliar with contact structures to introductory texts. For example see Appendix 4 of 
Arnold's book p] or Etnyre's lectures [7j. Grabowski [9] provides a good description of contact structures 
on super manifolds and their idiocrasies. Also note the work of Mehta on graded contact structures |18| . 

Giinther [10] initiated the study of polysymplectic structures, understood as a natural generlisation 
of symplectic geometry in which symplectic forms are replaced with vector- valued two forms. The moti- 
vation was to understand a Hamiltonian formulation of classical field theories. In Giinther's initial work 
the differential forms are vector field valued, that is the vector bundle in question is the tangent bundle, 
though this can be generalised to arbitrary vector bundles. It may be interesting to consider polysym- 
plectic structures on vector bundles with a little extra structure such as Lie algebroids or skew algebroids. 

In this work we develop a vector- valued version of contact geometry in order to satisfy our needs: that 
is to formulate a novel geometric view ofN=l super symmetry. It is expected that further refinements 
will be required to understand the general theory of polycontact geometry on supermanifolds. The sub- 
tleties and idiosyncrasies of working on supermanifolds, or indeed graded supermanifolds would require 
careful handling in developing the notion of polycontact structures. We make no attempt to be anything 
like general in this work. For example, we make no claim on the existence of a Darboux-like theorem 
in general. Indeed, for multisymplectic and polysymeplectic structures the existence of a Darboux-like 
coordinates is not guaranteed in general. It is rather an open question to mathematically formulate 
precisely a higher order version of symplectic geometry suitable for physical applications. 

We will make heavy use of local coordinates in order to keep this work very explicit and accessible. 
Informally one should understand supermanifolds as "manifolds" with both commuting and anticommut- 
ing coordinates. By using local coordinates one avoids the language of sheaf theory and locally ringed 
spaces. For further details about supermanifolds we recommend [T6 l l22| [23] . 

This paper is arranged as follows. In §([2]) we present the basics of N = 1 supersymmetry as required 
throughout this paper. The main results of this paper are in §([3]) where we define and explore the notion 
of polycontact geometry applied to supersymmetry. The procedure of "polysymplectization" is given 
in §(j3|). We end this paper with a few concluding remarks in §([5]). A brief appendix on the basics of 
vector-valued differential forms on supermanifolds is included. 

Remark While this paper was being compiled the author was made aware of the work of E. van Erp [6] 
who defines the notion of a polycontact structure on a classical manifold in way very similar to the notion 
employed here. Importantly van Erp shows how his notion of a polycontact structure is equivalent to the 
existence of a generalised Szego projection in the Heisenberg algebra of pseudodifferential operators. It 
would be very interesting to generalise this result to supermanifolds. 

2 N = 1 supersymmetry in superspace 

We will assume that the reader is familiar with the basic ideas of supersymmetric field theory and in 
particular the notion of superspace. There are many excellent reviews of the subject, see for example [20 \ 
[21] . Consider the superspace R 4 ' 4 equipped with local coordinates (x fl ,9 a ,9a). Here the coordinate 
are Grassmann even (commuting) as where the coordinates (6 a ,9a) are Grassmann odd (anticommuting). 
The SUSY transformations are defined in this superspace to be 
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e a _^ Q la = a + ^ 
9 a — > V a = ®a + £d, 

where e a and e a are real Grassmann odd parameters. Here <r M := (1, a 1 ), where a % are the Pauli spin 
matrices. The factor of i = a/^T is included to ensure that the product of two real Grassmann odd 
objects is real. Thus, the real nature of space-time is maintained. 



Thinking of the SUSY transformations as a change in local coordinates these naturally induce trans- 
formations of the differentials, as well as the partial derivatives. Let us equip IIT(IR 4 I 4 ) with natural fibre 
coordinates (dx^, d6 a , dO a ). Here dx is Grassmann odd, where dO and dd are Grassmann even. Explicitly 
the SUSY transformations induce vector bundle automorphisms as 



dx'» = dx»-i(d6 a {^)*l b + t a (^)a b dh), (2) 
dd ,a = d9 a , 
d9' d = dh- 

The partial derivatives (or one could think about fibre coordinates on the tangent bundle) transform 

as 



d d 
dx ,fM dx^ ' 

d d L d 



«5 + i (* 



QQ,a QQa y ' a b dx^' 

W = ( )& " 



d9 a y Ja b dxf d9 h dx^ 

fand^ 

This is clear from the transformation rules of the partial derivatives 



(3) 



d9' k d9 a y 10 dx» 
Let us as standard introduce the two vector fields 

* = ^ + -d Q^J^W^. (4) 

as the vector fields that "implement" or "generate" the SUSY transformations viz 

d$ <9<£> -<9<£> 
<5d> = (eQ + eQ) [d>] = 5x— + 59— + 59^, 

for any arbitrary superfield <E> G C°°([R 4 I 4 ). It is also easy to show that 

[Q a ,Q*]=2i{a») a b -^, (5) 
and that all other commutators involving Q, Q and J| are identically zero. 
Also fundamental to supersymmetry are the SUSY covariant derivatives 

D a = - i(a") a h 9~ and D d = -Z- - i9 b (a^) b h ^- , (6) 



which can be introduced to compensate for the fact that ^ and do not transform as superfields. 
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Up to this point (modulo some conventions) everything has been rather standard and can be found 
in many textbooks, for example [201 121j . Prom now on we will employ a more geometric point of view in 
terms of distributions. To the authors knowledge understanding supersymmetry in terms of distributions 
can be attributed to Manin, at least for supermanifolds of dimension (1|1) and (1|2). 

Definition 2.1. The SUSY structure on R 4 ! 4 is the non-integrable distribution T> C T(R 4 I 4 ) of corank 
(4|0) that can be spanned by the SUSY covariant derivatives. 

2) = Span{D a , D d } . (7) 

Clearly D is spanned by four odd vector fields, thus it defines a distribution that is of corank (4|0). 
That is the SUSY structure has four less even vectors in its local basis as compared to the tangent bundle. 
Of course there are many other basis vectors that could be chosen to span the SUSY structure. The 
SUSY structure is non-integrable in the sense of Frobenius as 

So the SUSY structure is formally very similar to a contact structure on a manifold, apart from the 
corank. The claim is that one can encode the SUSY structure in a higher version of a contact structure. 



3 Supersymmetry and polycontact structures 

The standard approach to constructing SUSY covariant derivatives is to employ the methods of homo- 
geneous spaces applied to supermanifolds. One constructs the appropriate Maurer-Cartan form and 
then extracts the covariant derivatives. For rigid superspace one can more or less guess the covariant 
derivatives from their required algebraic properties. The power of coset methods lies in the ability to 
deal with far more complicated theories, such as supergravity. An accessible review to the construction 
of the Maurer-Cartan form associated with N = 1 supersymmetric field theory can be found in [3]. 

In [S] we employed the language of contact geometry to investigate the d = 1, N = 2 super-Poincare 
algebra. In particular it was show that the contact structure on R 1 ' 2 is contained in the appropriate 
Maurer-Cartan form as the component belonging to the stability subgroup generated by temporal trans- 
lations. Taking this observation as our cue, let us quickly examine the relevant Maurer-Cartan form for 
the d = 4, N = 1 super-Poincare group. 

Let G be the d = 4, N = 1 super-Poincare group and let H be the Lorentz group. The group H is a 
stabiliser subgroup of G. As the supergroup G acts on R 4 ' 4 transitively we have: 

The action of the supergroup G can be realised by the left multiplication on the coset G/H 
and the coordinates which parameterise the coset are given by the coordinates on R 4 ' 4 . 

Then 

is a natural parametrisation of the coset G/H. 

Definition 3.1. The (left invariant) Maurer-Cartan form is the one form given by 

itt = g- 1 (dg) . 
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We include an overall factor of "£" for convenience. It is natural to consider the Maurer-Cartan form 
as a tangent bundle valued one-form on R 4 ! 4 . To calculate this one appeals to the Hadamard lemma, 
which of course is closely related to the Baker-Campbell-Hausdorff formula: 



[dx» + i (0 a (a»)}dO h + d9 a (^) a %)) + d6 a Q a + d9 d Q^ 



Then we "extract" the part associated with the Lorentz group: 

Definition 3.2. The SUSY polycontact structure on R 4 ' 4 is the vector-valued Grassmann odd one- 
form 

a = (dx» + i (d a {^) a b d6 b + d9 a (^) a %)) A. (9) 

Note that the SUSY polytcontact structure can be written in the form 

a = d - d9 a D a - d9a& & , 

where d is the exterior derivative on R 4 ! 4 . Also notice that setting 8 = 9 = reduces the SUSY polycon- 
tact structure to the exterior derivative on R 4 . 

The claim is that the SUSY polycontact structure shares some basic properties with contact struc- 
tures. In particular the SUSY polycontact structure is nowhere-vanishing in the sense that a\ g=0 § =0 ^ 0. 
The SUSY polycontact structure can be thought of as being "four contact structures" labeled by a space- 
time index. Each "contact form" defines a corank (1|0) hyperplane distribution via its kernel and thus 
we have in total a corank (4|0) distribution. 

Remark The vector- valued two form da can be considered as a polysymplectic from (we briefly discuss 
such structures in Section([l|) on the space R ' 4 C R 4 ' 4 . That is the exterior derivative of the polycontact 
form is closed and (as we shall prove) non-degenerate on the pure odd subspace R°l 4 . This should be 
compared to the standard contact structure on R 3 given by dz + xdy in natural coordinates (x, y, z). Note 
d(dz + xdy) = dxdy is the canonical symplectic structure on R 2 (c R 3 ). This justifies our nomenclature 
polycontact. 

Theorem 3.1. 

1. The kernel of the SUSY polycontact structure is precisely the SUSY structure. 

V :=ker(a) = Span{D a ,D d } C T(R 4 ' 4 ). 

2. The exterior derivative of the SUSY polycontact structure is non- degenerate on the SUSY structure 
in the sense that 

i x (da) = O X = 0, 

ifXeT). 

Proof Consult the Appendix for details about vector-valued differential forms on supermanifolds. 
1. Explicitly 



dd9 a ' " v " ,a b ddx»' 
Then 

An almost identical calculation establishes that a is annihilated by i^a. As it is clear that D a and 
D a are linearly independent we establish that they form a basis for the SUSY structure. 



5 



2. It is straightforward to show that 



da = 2i 



(de a (an a h de h ) 



dxf 1 



and thus 



• Da (cto) = -2i((^)M)^ 




dxt 1 ' 



d 



which implies the non-degeneracy condition. 



□ 



Proposition 3.1. The SUSY polycontact on R 4 I 4 is invariant under 
1. SUSY transformati ons : 




Q ,a = e a + e a an d Q' a = 9 a + e a . 

2. Poincare transformations: 

x'» = x v 'Af + a" . 

3. R-transformations: 

gia = e il3 a } and ^ = e -ifig &> w here peR. 

Proof The above proposition can be proved via direct computation, details are left for the reader. 



We then interpret the SUSY transformations, the Poincare transformations and the R-transformations 
as "strict polycontactomorphisms" , that is they preserve the SUSY polycontact structure, and thus the 
SUSY structure. 

Corollary 3.1. The vector fields Q a and Q a are strict contact vector fields of the the SUSY ploy contact 
structure, i.e. 



The above corollary can also be verified directly. 

Of course the vector fields Q and Q represent "infinitesimal strict polycontactomorphisms" . We think 
of the SUSY polycontact form as being constant in the "directions" defined by Q and Q. This in turn 
implies that 



as required by covariant derivatives. This can of course be verified directly using local coordinates if 



Recall that the exterior derivative of the SUSY polycontact structure is non-degenerate on the SUSY 
structure. This is the analogue of a hyperplane distribution being "maximally non-integrable" and thus 
being described in terms of a classical contact structure. 

From the classical theory of contact structures, we know that there is a privileged strict contact 
vector field known as the Reeb vector field. The generalisation to the SUSY polycontact structure 
is as follows. Instead of a single Reeb vector we have four Reeb vectors indexed by space-time. Let us 
denote these vector as P^, the reason for this will become clear. These vector fields are defined by the 
condition that 



□ 



LQ a a = 0, and Lq^a = 0. 



[Q a , D b ] = 0, [Q h , D b ] = 0, 
[Q a , D b ] = [Q\ D 6 ] = 0, 



desired. 







and ip^(da) = 0. 



iP^a = 



dx^ 
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Proposition 3.2. On R 4 ' 4 equipped with the SUSY poly contact structure the Reeb vector fields are given 
by P^ = in natural coordinates. 

Proof Via direct computation. 

□ 

Thus we see that the Reeb vector fields corresponds to space-time translations. We are then led to 
an interesting interpretation of the so-called right super-translation and space-time-translation algebra: 

[Q a ,Q b ] = 2iK)>„ (9) 
as a Lie subalgebra of the Lie algebra of polycontact vector fields of the SUSY polycontact structure. 

Remark One can also discuss R-symmetry infinitesimally as being implemented by the vector field 
R := i (§ d " # a a|r) G Vect(R 4 l 4 ). Then: 

[R,Q a ]=iQa, [R,Q A ] = -iQ h , 
[R,Pp] = [R,R]=0. 

In short, i?-symmetry can also be understood in terms of the Lie algebra of strict polycontact vector fields. 
Any vector field X G Vect(R 4 l 4 ) can be written in natural coordinates as 

x = x "^ +xa w +Xh w 

Then using the local expressions for the SUSY covariant derivatives any vector field can be cast in 
the form 

X = (x^ + i (X a (an a % + Xa6\anf?)) ^ + X a B a + XaO", (10) 

quite independently of the SUSY polycontact structure. The remarkable point is that this decompo- 
sition can be understood in an analogous way to the decomposition of vector fields on a classical contact 
manifold. 



Proposition 3.3. Vect(IR 4 ' 4 ) (i.e. sections of the tangent bundle) decomposes as 

Vect(R 414 ) = ker(a) ker(ffa). 
Proof Follows from Theorem(3HJ and Proposition(3j2]). 

□ 



As for examples, it is easy to verify the decompositions 

Q a = D a + 2i(a^) a %P^ 

and 

R = i (9 & D & - a D a ) + i (-2i e a (an a %) P„ 
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4 Polysymplectization 



It is well known that extending the dimensions of a contact manifold by R one can canonically construct a 
symplectic manifold. This procedure is known as symplectization. By minor modification of the standard 
procedure a polysymplectic structure can be constructed on R 4 ! 4 R. 

The definition of a polysymplectic structure that we will employ here is rather naive. 

Definition 4.1. A vector- valued Grassmann even two-form w on a supermanifold M, is said to be a 
polysymplectic form if and only if 

1. it is closed: duo = 0. 

2. it is non-degenerate: ix^J = <?=^ X = for all X 6 Vect(M). 

Theorem 4.1. Let M = R 4 ' 4 R and let tt : M — )• R 4 ' 4 be the natural projection. Then the vector-valued 
even two- form u: = d (e x n*a) is a polysymplectic form on M. Here X is the coordinate on R. 

Proof Using the Leibniz rule we have u = e x (dX ir*a + ir*da). From the construction it is clear that 
the vector- valued two- form in question is Grassmann even and closed. The only question is the non- 
degeneracy property. First note that we have the decomposition 

TM = ker(a) © ker(da) © R, 

which follows from Proposition(3j3]). Then consider dX ir*a + ir*da. Notice that n*a is zero on ker(a), 
but non-degenerate on ker(cfa). Similarly, it* (da) is zero on ker (da), but non-degenerate on ker(a). 
The differential dX is non-degenerate on R. Furthermore the factor e A is strictly positive and thus the 
vector-valued two-form co = d (e x ir*a) is non-degenerate on M. 

□ 



Explicitly in local coordinates this polysymplectic form is given by 

u = e x (dX dx» + idx (e a (^)}de h + de a (^)}e^j + % de a (a^) a h de^ — . 

The above theorem then allows one to associate in a canonical way a polysymplectic structure with 
INT = 1 super symmetry, but at the cost of adding another even (bosonic) degree of freedom to the 
superspace. 

Remark One can also consider the natural analogue of the symplectic cone. Consider the space iV = 
R 4 ' 4 (0, oo) and the vector- valued two-form w = d(r 2 a). Here r is the coordinate on the second 
factor. By the same reasoning as above this form is non-degenerate and thus a polysymplectic form. 
The multiplicative group (0, oo) acts on N via <3?t : N — > N (for some fixed t) via <3?jf r' = tr. It is easy 
to see that the action of this group on polysymplectic form is = t 2 w, that is via a dilation. The 
polysymplectic supermanifold (N, w) is the polysymplectic cone associated with the SUSY polycontact 
structure on R 4 K 
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5 Concluding remarks 



We have shown that Tsf = 1 supersymmetry as formulated in flat superspace can be, at least at the 
classical level, interpreted in terms of a higher order contact-like structure. In particular 

1. The SUSY polycontact form is the piece of the Maurer-Cartan form associated with the Lorentz 
subgroup of the super-Poincare group. 

2. The SUSY covariant derivatives D a and G Vect(R 414 ) are understood to be a basis for the 
distribution associated with the SUSY polycontact structure. 

3. The INT = 1 SUSY algebra is understood in terms of the Lie algebra of "strict polycontact vector 
fields" of the SUSY polycontact structure. 

It is not obvious what should play the role of Hamiltonian functions in relation with the SUSY 
polycontact structure. Taking polysymplectic geometry as our cue one would expect there to be some 
notion of a "Hamiltonian section", which is of course a vector field itself. However, it is not clear how to 
formulate this as a naive replacement of a function with a vector field in the definitions associated with 
contact geometry is nonsensical. 

The physical relevance of this work is not clear at present. For instance it would be nice to under- 
stand if specific actions or even partition functions have some novel geometric interpretation within the 
framework of polycontact structures. The study of concrete actions in this context remains unexplored. 
Similarly, the physical significance of the associated polysymplectic structure is not at present clear. 

Generalising to higher or lower dimensional space-times and extended supersymmetries appears 
straightforward. However, the superspace methods for extended supersymmetry are less developed and 
become clumsy. Typically to get at irreducible representations one employs on-shell constraints; we have 
the problem of auxiliary fields to deal with. Understanding off-shell supersymmetry is more involved 
and no complete general theory exists. Indeed the problem of off-shell irreducible representations, that 
is without direct reference to an action and the related equations of motions, has largely been over looked. 

We have not in anyway attempted to understand the general theory of polycontact forms on super- 
manifolds. Polysymplectic geometry was initially developed by Giinther [10] to describe a Hamiltonian 
approach to first order classical field theories. This notion has since been refined to k-symplectic geometry 
by Awane [2] and to k-cosymplectic by Leon and collaborators [15j . There is a closely related notion of 
multisymplectic geometry, see Gotay, Isenberg &; Marsden [8J for an overview. All these generalisations 
of classical symplectic geometry have their origin in covariant Hamiltonian formulations of classical field 
theory. The theory of higher contact-like structures is far less developed, though we must point out the 
work of van Erp [6] as this is close to the notions we put forward here. 

To the authors' knowledge there has been few works generalising these structures to super manifolds. 
For example, Hrabak developed a multisymplectic approach to the BRST symmetry I12|. based on 
Kanatchikov's formalism [13 . BV quantisation was studied by Bashkirov [3]. Understanding how to 
formulate super symmetric field theory or superstring theory in a multisympelctic formalism is missing 
from the literature. 

For sure understanding the general theory of vector- valued contact-like structures and their relation 
to vector-valued symplectic-like structures will require refinements of the ideas put forward in this paper. 
What ever happens, these initial results suggests a tantalising and intriguing link between supersymmetry 
and higher contact-like structures. 
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Appendix 



Vector-valued forms on supermanifolds 

In this appendix we present the bare minimum required to understand vector-valued differential forms 
on supermanifolds as required in the main text. For a good review of classical vector- valued differential 
forms and operations upon them consult Kolaf, Michor and Slovak 



Consider a supermanifold M, equipped with local coordinates (x A ), where x A = A 6 Z2. Changes 
of local coordinates are of the form x A = x (x), employing the standard abuses of notation. In essence 
changes of coordinates on a supermanifold can be written in the same way as coordinate changes on a 
manifold, the key difference is that one must respect the Hi grading. We define differential (pseudo)forms 
on a supermanifold to be functions on the total space of the antitangent bundle IITM. Here "II" is the 
parity reversion functor, it shifts the parity of the fibre coordinates of a vector bundle while leaving the 
base coordinates unchanged. This definition of differential forms is more than adequate for our purposes. 

The antitangent bundle is then equipped with natural local coordinates (x A , dx A ), where the fiber co- 
ordinate has the parity dx A = A+l. The changes of local coordinate induce vector bundle automorphisms 
of the form 

x A = x A (x), and dx A = dx B 



dx B , 

Pseudoforms need not be polynomial in the "differentials" associated with odd coordinates nor is 
their a notion of a top form. Pseudoforms are not the general objects of integration on supermanifolds. 

We employ a local description to define vector-valued differential forms. These in fact could be 
pseudoforms, but we will not make an issue over this distinction. In natural local coordinates a vector- 
valued differential form is given by 



The partial derivative transforms as 



n = n A (x,dx)-^j. (11) 



d ( dx B \ d 



dx A \dx A J dx B 

Importantly, the notion of the exterior derivative, interior derivative and Lie derivative generalise 
from acting of differential forms to acting on vector- valued forms. We define the action of the exterior 
derivative as 

It is straightforward to see that the exterior derivative is a differential: d 2 = 0. For any vector field 
X £ Vect(M) we define the interior derivative as 

The Lie derivative extends via the derivation rule, 

L x n = (^oV(-i) i+ VK)-(-irn^)A (14) 

[} } \dx B )ddx c + dx B 1 ' dx B ) dx A ' 
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